Introduction
The detection by Claverie et al (1980) of discrete frequencies near 3 mHz in their solar oscillation data has given us an interesting new diagnostic of the solar interior. Before any inferences about the structure of the Sun can be drawn, however, it is necessary to understand what is responsible for the data.
Claverie et al observed the temporal variation of the shift in a potassium line in light integrated from the entire solar disc. Power spectra of the data contain a sequence of almost uniformly spaced peaks, whose mean separation was deduced to be about 67.8 jitHz. Superficially similar observations made previously by Fossat & Ricort (1975a) , and by Dittmer (1978) did not reveal such peaks. In this paper we report an investigation of the hypothesis, put forward by Christensen-Dalsgaard & Gough (1980a) , that the frequencies observed by Claverie et al correspond approximately to the eigenfrequencies of normal p modes of the Sun, with high order n and low degree /. We suggest why they should have been detected by Claverie et al, and not by the previous investigators. /. Christensen-Dalsgaard and D. O. Gough
The original justification for the hypothesis relied on the assumption that the surface amplitudes of the modes of oscillation of the Sun do not increase rapidly with /. It follows that because the detectors used by Claverie et al integrate light from the entire solar disc, and so become much less sensitive as / increases, the signal should be dominated by modes of low degree. Such modes are almost certainly p modes of high order n \ low-degree /and g modes do not have frequencies as high as 2 mHz.
The frequencies v n j of such p modes fall into nearly degenerate groups, satisfying 0-1)
In addition, the frequencies are independent of the order m of the tesseral harmonics associated with the modes, save for a small splitting produced by the rotation of the Sun. It follows, therefore, that one might expect to find a sharp-line component to the power spectrum, each line being formed by a random superposition of all the modes in a group. It is also the case for these modes that v n + l,l~vnJ-v nJ~vn-l,h *>«,/■>• 1 " 1 4( l V +I V+2)-^ Thus the peaks in the power spectrum should be approximately uniformly spaced, being produced alternately by groups of modes of odd and even degrees.
The relations (1.1) and (1.2), which follow from equation (2.1), are asymptotically correct as n increases at fixed small /. They would become exact zsn-* 00 , were the Sun to maintain its acoustically reflecting surface in this limit. But the modes observed have finite n, and when / increases the relations (1.1) and (1.2) are no longer satisfied. The question that must be answered, therefore, is whether the accuracy of relations (1.1) amongst all the modes that dominate the signal of Claverie etal in the frequency range 2-4 mHz is sufficient to account for the peaks in the power spectrum. Below we synthesize power spectra from artificial data to demonstrate that the answer is affirmative, and point out that the observations of Fossat & Ricort and of Grec & Fossat were of too short a duration to resolve the peaks convincingly. We also demonstrate that Dittmer used an instrument that was more sensitive to modes of higher degree. As a result the lines contributing substantially to his spectrum are so close that they are strongly blended. On the other hand, similar Crimean observations are able to resolve the peaks.
In the following section we present eigenfrequencies of low-degree oscillations of a solar model, to show the accuracy of the relations (1.1) and (1.2) in the relevant frequency range. In Section 3 we argue that the surface amplitudes of modes with the same frequency and energy vary quite slowly with /, and that the expectation of the mode amplitude in the atmosphere is independent of /, at least when 7 is small. Next we estimate the instrumental filter functions that determine the sensitivity of various observing techniques to different solar modes of oscillation. We are then in a position to analyse the observations of Fossat & Ricort (1975a) , and in Section 5 we show that they are roughly consistent with the hypothesis that the expectation of the mode amplitudes is a function of frequency alone. Then, in Section 6, we construct artificial data, and subsequently we find sharp-line power spectra that bear some resemblance to the results of Claverie et al (1980) . Artificial data constructed to mimic the observations of Dittmer (1978) do not produce an identifiable sharp-line component in the power spectrum, though if longer intervals of observation are assumed, they do. In that case the mean separation of the lines is only about two-thirds that in the whole-disc spectra. The recent observations by Grec, Fossat & Pomerantz (1980) from the South Pole confirm our interpretation of the data.
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2 Oscillation eigenfrequencies The equilibrium solar model was constructed by joining together an interior and an atmosphere. Beneath the photosphere the model was identical to model A of ChristensenDalsgaard, Gough & Morgan (1979) . This is a so-called standard model, evolved for 4.75 x 10 9 yr from a state of thermal balance with uniform composition. The initial abundances of hydrogen, helium and heavy elements were X = 0.73, F = 0.25 and Z = 0.02. Above the photosphere an atmosphere in hydrostatic equilibrium was constructed, using an approximation to the T-r relation of the Harvard-Smithsonian Reference Atmosphere (Gingerich et al 1971) out to a Rosseland mean optical depth r of 10 -4 , and taking the temperature T to be constant beyond. In the atmosphere Cox-Stewart (1970) opacities were used, though they were scaled by the factor 1.07 to make pressure continuous where the atmosphere joined model A at 7 = 0.41, which is where T is equal to the effective temperature of the Sun. Throughout the paper we take this level as our definition of the photosphere. The composition of the atmosphere was assumed to be the same as that of the initial interior. Linearized adiabatic oscillations of the solar model were computed, ignoring rotation. Mathematically the eigenvalue problem was precisely that solved by Christensen-Dalsgaard et al (1974 , except that the outer boundary condition was applied at r = HT 4 instead of in the photosphere. The computational method was modified slightly, by using dependent variables that varied more smoothly than those adopted originally, with the intent of improving the accuracy of the high order modes. All modes with /< 10 and frequencies between 2.1 and 4.3 mHz were computed. The most relevant results of the computation may be summarized by comparing the eigenfrequencies with the asymptotic formula derived recently by Tassoul (1980) r is the radial coordinate and c is the adiabatic sound speed in the equilibrium model. The quantities e, ô and>i are also constants of the equilibrium model. Equation (2.1) was derived under the assumption that the spatial scale of variation of certain aspects of the oscillation eigenfunction is everywhere much shorter than that of the equilibrium model, and that l <n. This is not satisfied by the eigenmodes we have computed. Consequently, we have not evaluated v 0 , e, 8 and A by the formulae quoted by Tassoul, but have instead treated equation (2.1) as an interpolation formula for the numerical results in the range of interest, finding the constants by regression. In the frequency range 2.3-4.1 mHz we find that with v 0 = 140.7 juHz, e = -0.31, 8 = -54 and A = 0.30 the rms deviation of the formula (2.1) from the actual eigenfrequencies amongst all modes with /<10 is 0.8 per cent. If only those modes in this frequency range with l <n¡3 are included, the rms deviation in only 0.07 per cent, the greatest error being for Pu(l = 4) whose frequency is underestimated by (2.1) by 0.23 per cent. The value found for v 0 is satisfied by equation (2.2) if the surface r = AE is taken to be at an optical depth of 0.03. The accuracy of the approximate relations (1.1) and (1.2) may now be assessed with the help of equation (2.1). It is also illustrated in Fig. 1 , in which some of the computed eigenfrequencies are represented in a small frequency range near the maximum in the power reported by Fossat & Ricort (1975a) , , Dittmer (1978) Figure 1 . Eigenfrequencies of some modes with /<10. The modes are arranged in sequences according to the value of 2n + l. Three pairs of such sequences are represented: in the top row 2n + l = 44 and 45, in the middle row 2n + l = 46 and 47 and in the bottom row 2« + / = 48 and 49. To avoid cluttering the diagram, modes with other values oî 2n + l that have frequencies in the range displayed have been omitted. The lengths of the lines indicating the eigenfrequencies are proportional to 11 -/; the lines representing the modes with even / are thicker than those for odd /.
al (1979, 1980) . To avoid confusing the diagram, only modes with 22<« + //2< 24.5 are included, and the modes are separated into sequences defined by the value n +//2. It is evident that pairs of modes exist with / = 0, 2 and / = 1,3, and that the / = 6 and / = 9 modes fall fortuitously close to the / = 1,3 pair of a neighbouring sequence. Thus if, for example, the instrumental sensitivity is negligible for all modes with / > 4, a prominent discrete component to the power spectrum of an ensemble of all the solar modes should be expected.
Energies of the eigenmodes
The eigenmodes of the Sun can be regarded as an ensemble of oscillators. They are weakly coupled to each other and to the turbulence in the convection zone.
Rough estimates of the surface amplitudes of the radial modes based on equipartition between the energy of a mode and that of a resonating convective eddy, a balance proposed by Goldreich & Keeley (1977b) , can be adjusted to yield results in agreement with observation (Gough 1980) . This lends some support to the idea that the modes are excited stochastically by the turbulence. One might therefore expect the mode energies to depend on frequency alone. The reason is that for all the 5-min modes the resonating convective eddies are much smaller than the characteristic wavelengths of the modes. Thus to the eddy, all p modes of a given frequency look alike, and the coupling between the eddy and the mode can hardly depend on /.
Since observations are made of velocities in the solar atmosphere, it is important to relate the surface velocity amplitudes of the eigenmodes with their total energies . The suffix m represents the azimuthal order of the tesseral harmonic associated with the mode. The relation is illustrated in Fig. 2 , where we plot against / a measure E n l of the energy, which is defined by where M is the mass of the Sun and V n i m ûn(2TTV n jt) is the rms radial component of the oscillation velocity at time t, averaged over the photosphere the figure are at the constant frequencies indicated, and were obtained by interpolating between the discrete modes.
It is evident in the figure that amongst the modes of low degree, which are the main subject of this investigation, the quantity E nl is almost independent of / at fixed frequency. Consequently, since we have argued that $ n i m is likely to be a function of v n i alone, it follows that V n i m is too. Thus in any narrow frequency range we would expect all low degree modes to be excited to about the same photospheric velocity amplitude. In Section 5 we present direct evidence that this is indeed the case.
The spatial filter
Estimates of spatial filters have been made previously by Dziembowski (1977) , Brookes, Isaak & van der Raay (1978a) , Hill (1978) and Christensen-Dalsgaard & Gough (1980a) . As in the first and the last two works, we shall here assume that the reported spectrum line shift is simply the result of a Doppler shift arising directly from the eigenvelocity V w / m in the atmosphere of the modes of oscillation. The result is conveniently expressed in the form Vnim ~ Snlm Vnlm> (4*1) the line shift v n i n being expressed in velocity units using the Doppler formula. Since the influence of the Sun's rotation on the 5-min modes is small, there is no preferred direction, and modes with the same n and / but different m are equally likely to be excited. It suffices, therefore, to compute an average filter function Snl over all values of m. This we define by
The expectation of the contribution to the power spectrum from an ensemble of modes of degree l with random phases and the same mean radial velocity amphtude V ni in the atmosphere is thus proportional to (2/ + 1)*S«/ In view of the assumed isotropy of the orientations of the modes, we have simplified the analysis by ignoring the contribution of the Doppler shift from the rotation of the atmosphere. Though this produces an asymmetry between the eastern and western hemispheres (e.g. Brookes et al 1978a) , its integrated effect on an ensemble of modes of like degree is small.
The shift produced by the oscillations is much less than the width of the spectrum line. Consequently the net shift can be computed as an intensity-weighted average of the local Doppler shift, provided centre-to-Hmb variations of line shape are negligible. It is expedient to select spherical polar coordinates (r, 0,0) on the Sun with the polar axis pointing towards the Earth. With respect to this system, S n i m = 0 if ra ^ 0, and only axisymmetrical modes need be considered. Hence,
The eigenvelocity vector of an axisymmetrical mode may be written , / U nl dP,(cosd) \ y nl0 = V2TTl (f" ;j P,(cos0),-/7 === -^ , 0 j sin(2-nv n l t), (4.4)
where V n i(r) and U n i(r) are the rms radial and horizontal components of velocity averaged over a spherical surface r = const., and P/ is the Legendre polynomial of degree /. In estimating the filter function we shall ignore the variation of V n ¡ and U n i with height within the region of the atmosphere where the relevant part of the spectrum line is formed. An immediate consequence of this approximation is that Snl depends on n only through the ratio of U nl to Vm. This may be estimated by assuming the solar atmosphere to be isothermal, and choosing the solution whose energy density vanishes at infinity. For the 5-min oscillations, perturbations in the gravitational potential may be neglected. Because the scale height of the atmosphere is much less than the radius of the Sun, the plane parallel approximation is adequate. Under these assumptions one can easily show that i/",-a",\/7(7TT)Ç) V nl , (4.5)
Here G is the gravitational constant, y is the adiabatic exponent (d lnp/d lnp) s in the atmosphere, which has been assumed constant, and c is the adiabatic sound speed. The quantity is the characteristic cyclic frequency of large-scale pulsation of the entire star, and is O.lOmHz for the Sun, and v c is Lamb's (1909) acoustical cut-off frequency for radial oscillations of the atmosphere, which is approximately 5 mHz.
In the frequency range 2-4 mHz, x n i ^ Vi and oc nl =* 1. Hence, since (yjv c ) 2 ^ 4 x 10" 4 , it follows from equation (4.5) that the velocity in the atmosphere is nearly vertical. We shall find, therefore, that the major contribution to the spectrum line shift is due to the vertical component of the motion. It is for this reason that when estimating the horizontal velocity we have been content to use the simple analytical form (4.5), rather than the results of the numerical integrations.
We are now in a position to write formulae for the spatial filter functions. For the wholedisc observations of Fossat. & Ricort (1975a) , (Dittmer 1978) were made by differencing signals from an exterior annulus and either the whole or a central circular portion of the disc. The filters for these measurements are therefore differences of formulae of the type (4.8), the integrals being over appropriate ranges of 6. Recursion formulae for evaluating the integrals are presented in Appendix A.
Values of the vertical and horizontal components Sj and Sf are presented in Table 1 for the lowest values of /, for the whole-disc observations and for the observations made in the 4^) over all values of / from 0 to 1600. In the computation of sj 1 , v c was taken to be 5.0 mHz. The whole-disc filters are for the observations of the Birmingham group (Claverieef al. 1979 (Claverieef al. , 1980 , the Stanford filters correspond to the observations of Dittmer (1978) and the Crimea filters to Kotov et al (1978) . All are based on a limb-darkening function of the form 7(0)//(O) = 1-« 2 (1-cos0)-u 2 (1-cos 2 0), with parameters u 2 , v 2 appropriate for the continuum at the wavelength of the spectrum line used. For the whole-disc filters, u 2 = 0.75, v 2 = -0.22; for the Stanford and Crimea filters u 2 -0.96, v 2 = -0.22 (cf. Allen 1973) . Filters for the whole-disc observations by Fossat & Ricort (1975a) and , with u 2 = 0.89, v 2 = -0.23, and by Traub et al. (1978) , with u 2 = 0.83, v 2 = -0.23, do not differ substantially from those in the table. The values of Z(Sj) 2 in these cases are 2.02 and 1.87 respectively.
J. Christensen-Dalsgaard and D. O. Gough
Crimea and at Stanford. In all cases the horizontal velocity component makes only a small contribution to the signal from the 5-min modes, and is ignored in much of the analysis presented below. In agreement with the previous estimates (Hill 1978; Christensen-Dalsgaard & Gough 1980a) , the filters for the whole-disc measurements decrease rapidly with /, though because limb darkening has now been taken into account the filters are non-vanishing for all values of /. As l ^0 0 , the whole-disc filters, with limb darkening appropriate for the (/even).
(4.10)
Moreover, the contributions from all odd / to the sum of squares of both SJ and Sj 1 are equal to those from even /. This is true also of the Crimea and Stanford filters.
Some remarks on the oscillation amplitudes
Because the different observations were made using different geometrical filtering and different spectrum lines, a direct comparison of the measured velocity amplitudes is not meaningful. A comparison of the early observations, taking into account the height of formation of the spectrum lines, has already been made by Fossat & Ricort (1975b) . Here we discuss in greater detail the results of Fossat & Ricort (1975a) , and compare them with the subsequent measurements of , Dittmer (1978 ), Traub, Mariska & Carleton (1978 and Claverie et al. (1979 Claverie et al. ( , 1980 . All the observations were made by comparing the intensities in two narrow wavelength bands separated in wavelength by AX and situated either side of line centre in the regions near where the line is steepest. The difference 6/between the two intensities is expressed in velocity units using the Doppler formula, under the assumption that 6/arises solely from a translation in wavelength of the line without change of shape. In Table 3 is listed our estimates of the mean heights of formation of the perturbations to the observed portions of the lines. They are no doubt very rough, partly because the estimates did not take into account the height dependence of the oscillations.
The measurements of Fossat & Ricort (1975a) were of the shift in the Na5896 line in integrated light that passed through a sequence of circular apertures with diameters ranging from 22 arcsec to 32 arcmin. We choose the suffix a to label the aperture diameters in descending order, with Di being the diameter of the entire solar image. The smaller apertures are less effective at averaging the light from oscillations of high degree. Therefore they admit greater contributions from these modes and produce a stronger signal. Thus by differencing signals from different apertures it is possible to estimate the dependence of surface velocity on horizontal wavenumber, and hence determine how the eigenmode energies depend on /.
We confine attention to the frequency range 2.3-4.1 mHz. This is the interval within which most of the power is found in the spectra of Dittmer (1978) , Claverie et al. (1979 Claverie et al. ( , 1980 and Fossat & Ricort (1975a) . The latter also found considerable power above 5 mHz, but that does not represent a substantial fraction of the energy of the motion. This is because their observations, like those of and Claverie et al, were on a line formed relatively high in the atmosphere where, compared with their values in the region where most of the energy is contained, oscillation amplitudes are especially great at high frequencies.
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The integrated power over a given frequency range from a signal composed of a superposition of velocity fields (4.4) with random phases (as in equation 6.1) ) is given by equations (4.8) and (4.9) with the upper limit of integration replaced by sin -1^. The summation is considered to be over all modes with frequencies in the given range. As discussed by Fossat & Ricort (1975a) , the filters Sj(d a ) decline as / increases, and become quite small once the horizontal wavelength of the oscillation is less than D a . Thus the difference
must be a somewhat peaked function of /, and therefore F^+i -¥& provides an average of the power that is preferentially weighted in the neighbourhood of a particular value L of /. We now define the average velocity amplitude F L (a) according to
where Av¡ is the mean frequency separation in the range 2.3-4.1 mHz between modes of varying order n and the same degree l. Thus TV/ represents the range in 72 of the modes contributing to the power, and if F"/ is a slowly varying function of /, it follows from equations (5.3) and (5.4) that V L is a fair representation of the rms velocity amplitude (averaged over n) near l = L, where Z,(a) is the median of F a Q).
In Table 2 It is clear that to observational accuracy the mean velocity amplitudes V L are independent of Z, at least when ¿ < 150. Hence we conclude that even though the averaging kernels F^Q) are quite broad*, it is likely that the expectation of the atmospheric velocity amphtudes of the modes is approximately a function of frequency alone. Note that for all these modes the horizontal wavelength is much greater than the scale height of the atmosphere, so the height dependence of the oscillation eigenfunctions also depends only on frequency. Consequently this conclusion applies wherever in the atmosphere one chooses to measure the velocity. We must emphasize that our conclusion is not proven. We have demonstrated only that several averages of mode amphtudes over different ranges of / are the same. Nevertheless, since the oscillation eigenfunctions and eigenfrequencies vary smoothly with /, it is unlikely * The kernels F aß) have a single broad peak, the full width at half maximum being comparable with L. This can be seen most easily when d a is small. In that case the curvature of the solar atmosphere is unimportant, and it follows from the analysis in Appendix A that
where J x is a Bessel function. /. Christensen-Dalsgaard and D. O. Gough Table 2 . Estimates of surface eigenvelocity amplitudes and eigenmodes energies. The velocity amplitudes at the height of formation of the NaZ) line are deduced from the observations of Fossat & Ricort (1975a) . By integrating between 2.3 and 4.1 mHz the power spectrum corresponding to in Figure 11 of Fossat & Ricort (1975a) , it was found that the velocity Fj was simply the rms velocity in the frequency range 2-6 mHz quoted in Table 2 of the same paper. In view of the insensitivity of the shape of the power spectrum to D a , it was therefore assumed that all the values in that table are adequate estimates of
The units of velocity are m s -1 .^ is the mean energy per mode, in units of 10 28 erg, and was computed using equation (5.6). Notice that in this equation is a velocity amplitude estimated at the height of formation of the NaZ) line. Thus to derive the equation it was necessary to obtain amplitudes in the photosphere, which required a frequency-dependent scaling from an estimated optical depth of about 8 XlO -3 . Values of the averages corresponding to at r = 0.41 and r = 1 can be obtained by multiplying the entries in column 5 by 0.81 and 0.76 respectively; these are close to the corresponding scaling factors for a single mode with frequency = 3 mHz. L is quoted to the nearest integer, and was computed from equation (5.5), with Sj replacing F a for the first entry. Estimates of Vl and^ for higher values of L can be inferred from the results of Rhodes, Ulrich & Simon (1977) and Ulrich & Rhodes (1_977): V^ no longer remains constant but declines with increasing L when L exceeds about 200, andr^ decreases more rapidly.
that the amplitude limiting mechanism is not smooth too. However, we have not yet ruled out the possibility considered by Claverie et ah (1979) that of the modes of very low degree, only modes with two different values of /, one odd and one even, are excited.
One can estimate from V L the mean energy per mode. This is obtained by averaging equation (3.1) over n at fixed /, assuming the amplitudes are independent of m. For the modes that contribute to Fossat & Ricort's signal, E n ¡ can be approximated by the product of a function only of l and a function only of v. Moreover, it is apparent from Fig. 11 of Fossat & Ricort (1975a) and the subsequent work of Fossat, Grec & Slaughter (1977) that differently weighted averages of can be similarly separated, and it is plausible that the expectation values of each of the V%¡ can be so separated too. Granted that this is the case, the averaging over n (or v) is the same for all /, and yields
where E L is the interpolated value of E nî at ^ = 3 mHz, as illustrated in Fig. 2 . The results are listed in Table 2 . As conjectured above, g L does not appear to depend on Z, at low L, though it declines more rapidly than Vl at high Z/.
Five-minute oscillations in the solar spectrum 151 Table 3 . Estimates of the mean velocity amplitude V per mode inferred from different observations and the rms velocities < u> deduced from them. Note: The wavelength separation AX is measured from the centres of the wavelength bands within which light is received, which are approximately equal to the intensity-weighted mean wavelengths of the bands. The separations of the Na and K line measurements are quoted by Fossat & Ricort (1975a) and Claverie et al (1980). Dittmer's separation was obtained from Dittmer (1977) , and that used by Traub et al., who positioned their slits at the half-intensity points of the mean line, were measured from the solar spectral atlas of Beckers, Bridges & Gilliam (1976) . The mean optical depths t v at which we judge the perturbations to the spectrum lines to have been produced were obtained from estimates of averages over the visible part of the atmosphere of log r weighted by the response function of Beckers & Milkey (1975) ;/z is the corresponding value of the height above = 1 (which is roughly the level where r = 1) in the Harvard-Smithsonian Reference Atmosphere. Since log r is approximately proportional to height if -4 ^ log T ^ 0, ¿ is similar to the mean height of formation defined by Altrock et al (1975) averaged over the disc, and we used these values in our estimates for the Fe lines. We used also the work of Curtis & Jefferies (1967), de la Reza & Müller (1975) and some unpublished model atmosphere calculations by N. Grevesse. The observed velocities and their standard deviations, used to compute V, were estimated from the published power spectra in cases where they were not quoted explicitly.
We compare these results with those of , Dittmer (1978) , Traub et al (1978) and Claverie et al (1979 Claverie et al ( , 1980 in Table 3 The values are rms eigenvelocity amplitudes at a height corresponding to the measurements made by Claverie et al The velocity scaling factors were 0.97 for the Na measurements and 1.07 for the Fe measurements. They were obtained by scaling the power spectrum by the square of the ratio of the adiabatic velocity eigenfunctions at the appropriate heights in the atmosphere and integrating to obtain the total power. The factors are thus the square root of the ratio of the scaled power to the unsealed power, and are close to the ratios of the values of a velocity eigenfunction with the median frequency 3.1 mHz at those heights. Finally we estimate from these results the rms oscillatory velocity < V) one would expect to observe at a point near the disc centre. For such a measurement S] = 1 for all /. There are about 2.0 xlO 6 modes with frequencies in the range 2.3-4.1mHz. Thus, if we were to assume that the velocity amplitudes of all modes had the same value V at the height corresponding to the observations of Claverie et al, the total rms velocity would be < F> = 2 1/2 (2x 10 6 ) 1/2 F. These values are listed in the last column of Table 3 , and are in tolerable J. Christensen-Dahgaard andD. O. Gough agreement with observation (e.g. Leighton, Noyes & Simon 1962; Tanenbaum, Wilcox & Frazier 1969) . Note that in fact the velocity amplitudes decline with l at high /, as can be seen, for example, from the two-dimensional power spectra of Deubner, Ulrich & Rhodes (1979) . Therefore the entries in Table 3 are overestimates. Notice, however, that the fact that the rms velocities observed increase more slowly than the reciprocal of the diameter of the observing aperture (Tanenbaum et al 1969; Fossat & Ricort 1975a) does not come about solely from the decrease in mode amplitude at high /: it comes also from the decrease in N¡ with l at high /.
6 The artificial signal An artificial spectrum line shift v given by v(V nh e nl \t)= X (2/ + \) in S"iV n i sin(2nv n jt + e"/) (6.1) n,l was used to imitate the observed signals. The summation in equation (6.1) is over all (/?,/) with 0 < / < 10 and n such that 2.1 mHz < < 4.3 mHz. The values of v n j were the eigenfrequencies that were computed numerically from the solar model. The phases e n i were uniformly distributed random numbers in [0,27r), and the amplitudes V nl were randomly chosen with probability distribution Thus the atmospheric energy densities of the modes are assumed to have an expectation proportional io'Ÿ' 2 . Though in reality we expect^to be a function of frequency, we have here ignored this and set Y'constant. Thus the broad hump in the envelope of the observed power spectra between 2.3 and 4 mHz will not be present in our artificial results. We have set 0.15 m s -1 in all cases.
Of course equation (6.1) cannot represent the data for all time because the modes grow and decay, and eventually phase coherence is lost. It is difficult to estimate the coherence time, and we have here been guided by the estimates of the decay rates of radial modes by Goldreich & Keeley (1977a) and by Baker and Gough (Gough 1980) . The two computations depended on rather different assumptions concerning the interaction of convection with pulsation, but both yielded values of the quality factor Q of the order of 10 3 for modes with frequencies greater than 2 mHz. This is not to say that the estimates are correct, but they are the only estimates available for the modes of lowest degree, and suggest that phase is maintained for several days. In our model we have assumed that the Sun oscillates precisely according to equation (6.1) throughout intervals T, and that the amplitudes Vnl and phases e n i in different intervals are independent. The assumed signal is thus ^{t)='LH k (f,T)v{V k nl ,e k nl -,t\ (6.3) k where H k -l when kT< i < (k + 1)T and H k = 0 otherwise, and the summation is over all integers k. Also V^i and e^i and different random realizations oï V^ and e"/. Except where stated to the contrary, T was taken to be 5 day. Thus, when we mimicked the 1978 observations of Claverie et al y for example, which were taken during four consecutive days in August and three consecutive days a month later, we assumed perfect phase coherence and constant amplitudes over the duration of each group of consecutive days, but used independent random amplitudes and phases for the two groups.
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Of course, in reality, modes are excited neither instantaneously nor simultaneously, and their decay is likely to be gradual. Therefore the lines in our power spectra (and in the superposed epoch analysis) of a few days' data are too highly resolved. However, the averages of many spectra are likely to correspond fairly well to a more realistic model. 7 The observations of Claverie et al. Claverie et al (1979 Claverie et al ( , 1980 reported observations of shifts in the 1699 k potassium line in integrated sunlight. The Sun was observed for about 8 hr in each of 33 days in 1976, 35 days in 1977 and 7 days in 1978. Power spectra of each day's data were constructed, and averages of these spectra for each of the 3 yr were presented. These mean spectra each exhibit the sequence of apparently uniformly distributed peaks. The peaks were numbered sequentially with an index z, say, which Claverie et al call the peak order, assigning z = 1 to a peak with frequency about 2.34 mHz. Not all the peaks were visible in every mean power spectrum, and where the spacing in a particular spectrum indicated that a peak was absent the order was adjusted appropriately. The sequences terminated at z ^ 25.
The peak frequencies were plotted against z, and fitted to straight lines, yielding mean spacings of 67.6, 67.4 and 67.6/xHz for the 1976, 1977 and 1978 data respectively. An autocorrelation and power spectrum analysis of smoothed mean power spectra yielded frequencies of 67.8, 68.0 and 68.0 juHz. The cross-correlation coefficient of the 1976 and 1977 mean spectra was found to be 0.89 at zero frequency lag. The 1978 data, which are of higher quality than the rest, were submitted to a superposed epoch analysis, and once again the frequencies found were fitted to a linear function of z. A group of four consecutive days in August and another of three consecutive days in September were analysed separately, yielding mean spacings of 67.4 ± 0.5 and 67.9 ± 0.2 juHz respectively. Claverie et al concluded that in the frequency range 2.3-4.1 mHz twice the mean spacing of the peaks is 135.6 ± 0.3 mHz.
We have constructed power spectra of 8-hr segments of the artificial signal (6.3). As representations of the 1976 and 1977 observations, power spectra for two separate examples of 35 consecutive days were averaged. For the 1978 observations, periods of 4 and 3 days, separated by more than 5 days, were used.
Examples of spectra for two consecutive days are illustrated in Fig. 3 . In each case about two-thirds of the peaks dominate the spectrum. Note that there is some variation in both the heights and the frequencies of the peaks in the two spectra, even though the amplitudes and phases of all the modes have been held constant throughout the two days. This arises from interference between modes with similar frequencies. As pointed out by Loumos & Deeming (1978) , the wandering of the frequencies of the peaks can be considerable, and it is particularly severe when the amplitudes of the contributing oscillations are similar. This phenomenon is discussed further in Appendix B. The average of the seven power spectra representing the 1978 data is shown in Fig. 4 .
In the manner of Claverie et al we performed on the average power spectra least squares fits of peak frequency with a linear function of peak order z in the frequency range 2.3-4.1 mHz. All peaks that could be identified were used, and given equal weights. In the mean spectrum shown in Fig. 4 , for instance, all peaks were counted except the two near 2.47 and 3.23 mHz. The slopes obtained were 68.17±0.07, 68.25 ±0.06 and 68.38 ±0.10mHz for the 1976, 1977 and 1978 representations. The scatter in the results has two sources. First, since the eigenfrequency separation is not uniform, a perfect fit to the frequencies with a linear function of z is impossible. A formal regression analysis on the frequencies given by equation (2.1) with, say, / = 0 and / =1 (or, more accurately, using the appropriately weighted Figure 3 . Sample power spectra of the signal (6.1) taken over intervals of 8 hr on two consecutive days. The whole-disc filters listed in Table 1 were used. The amplitudes were chosen randomly, with the probability distribution (6.2) and 0.15 m s" 1 ; the phases were uniformly distributed random numbers. Phases and amplitudes were held constant throughout the two-day period. No variation of 3^with v has been included. Therefore in this and all other spectra illustrated in this paper, the concentration of power near 3 mHz has not been simulated. Figure 4 . Average of seven power spectra of the signal (6.3), with whole-disc filters. Amplitudes and phases are maintained over a group of four consecutive days, and a second group of three consecutive days, but the two groups are independent. The spectra shown in Fig. 3 are included in the group of four days. Since mode amplitude decreases with / at fixed v (see Table 2 ), an upper bound to the background provided by the neglected modes is £(W£w) 2 / = U / ' = 0 of the tôtal power. This is less than 10" 4 .
Five-minute oscillations in the solar spectrum 155 averages of all the modes according to equation B11) yields a standard deviation of 0.06 juHz in the frequency range 2.3-4.1 mHz. In addition, there is scatter in the peak frequencies due to randomness in the amplitudes and phases, which would have a standard deviation of at least 0.07 juHz if the average were of an infinite number of power spectra (see Appendix B). Averages over a small number of spectra receive an additional contribution to the scatter from interference. Hence a standard deviation of at least 0.09 ju Hz in the estimated frequency separation should be expected from the noise-free data. Our representation of the three consecutive days of the 1978 data was submitted to a superposed epoch analysis. The peaks corresponding to the groups of closely spaced modes are multiple, and are similar to a power spectrum of the entire discontinuous data string (see Appendix C). For frequency estimators, we adopted the frequency of the peak of greatest amplitude within a group. We did not use groups that had no peak higher than Vs the the height of the highest peak in the spectrum. A linear regression analysis in the range 2.3-4.1 mHz yielded a mean frequency separation of 68.09 ± 0.12/iHz. Finally we calculated the cross-correlation of the mean power spectra from the artificial 1976 and 1977 data, and obtained the value 0.68.
There is a superficial resemblance between our synthetic spectra and those obtained by Claverie et al In particular, the means and standard deviations of the frequency separation between adjacent peaks are comparable. The most conspicuous difference is that, unlike in the real data, the level of the background in the synthetic spectra is hardly discernible. It is a simple matter to show (see Fig. 4 ) that the contribution to the power from the neglected modes with /> 10 is negligible. Therefore we conclude that the background in the spectra of the observations is unlikely to arise directly from modes of high degree.
A second difference is that our cross-correlation between one year's mean power spectrum and the next is substantially lower than that of the real data. The explanation may lie partly in the fact that we have ignored the frequency dependence of the energy in our modes. But also the presence of a background in the real data contributes quite substantially to the correlation. In Appendix D we estimate that when these factors are taken into account, the real data is actually somewhat less well correlated than our synthetic spectra.
A third and important difference concerns the statistics of the peak frequencies. Claverie et al (1979) claim that there is a slight inequality in the spacing of alternate lines in the spectra of their data. As they correctly point out, this would be a natural consequence of observing only modes with two consecutive values of /. This is evident in Fig. 1 and can be seen easily in equaton (2.1), from which it follows that 'Pi = VÔ 2 Vi (v i -. 1 -2v i +v i+1 ) = vl 2 v n j(v n j-l -2v n>l +v n+hl _ 1 )~4lA, (7.1) where i labels successive lines in the spectrum. However, it is our contention that modes of all degree should be excited, and that therefore one would not expect to see this behaviour. The difference A/ between two consecutive frequency intervals predicted by equation (7.1) is at most about 10/¿Hz, when / = 1, which is the same order of magnitude as the frequency separation between the two dominant modes contributing to any peak. It is argued by Loumos & Deeming (1978) and in Appendix B that the scatter in the peak frequencies in a single spectrum produced by interference is at least as great as the frequency separation of the contributing modes, and one would therefore expect a non-zero value of in a single day's data to be lost in the noise. If an average of many spectra is taken, scatter is reduced, but so also is \¡j ¿ . According to equation (B11) and the filters in Table 1 , the factor /(/ + 1) in equation (2.1) must then be replaced approximately by 6M(S\/So) = 2.96 (/even), (? 2) 2+10M(SyS\) = 3.77 (/odd).
In that case \¡j i ~ 0.7^4 ^ 0.2, which implies that A z -is only about 1.5 juHz, which is too small to measure from observations of only 8 hr duration.
To illustrate this point, we computed the mean \jj and standard deviation of i//¿ in the frequency range 2.3-4.1 mHz for the two single spectra in Fig. 3 , the average spectrum in Fig. 4 , and the two 35-day average spectra representing the 1976 and 1977 data. When simple double peaks were encountered, the median frequency was used, though in the case of the second spectrum in Fig. 3 only the data between 2.48 and 3.20 mHz and between 3.45 and 4.0mHz were used, and the small peak at 3.60mHz was ignored. The values of ± 04/), where £ = 3.2 mHz is the mean frequency, were used as a measure of the mean Ä of A¿. The results were 6.6 ± 14.0, 0.9 ± 21.0, 1.0 ± 11.3, 0.05 ± 3.4 and 0.31 ± 3.6 respectively. The units are /¿Hz. It is therefore evident that if all modes are present, the uneveness in the peak distribution reported by Claverie et al. should not be detectable from the power spectrum. To show that this would not be the case if, as Claverie et al suggest, only modes with / = 0 and / = 1 were present, we repeated the experiment with spectra computed with only those modes. The corresponding estimates for A were 9.3 ± 22.3, 18.7 ± 14.7, 8.5 ± 7.4, 14.1 ± 3.8 and 13.4 ± 2.3 ¿¿Hz.
Finally we point out that part of the reason why Fossat & Ricort (1975a) and did not convincingly resolve peaks in the power spectra of their whole-disc measurements is that their observing intervals were too short. To resolve a sequence of modes with frequency separation 68/¿Hz in a power spectrum of a single observation requires an observing time T of about 1.5/(68/¿Hz) ~ 6 hr (Loumos & Deeming 1978) . If many such spectra are averaged, interference is reduced, and the width of the peaks is reduced to about T~l (see Appendix B), so that 4 hr would be barely sufficient. However, Fossat & Ricort (1975a) averaged data from only a few observing runs of duration 1-5 hr. Moreover, before averaging, Fossat & Ricort smoothed their power spectra by convolving them with a window of width 0.31 mHz at half maximum. Grec & Fossat's observing intervals were 2.5-3.5 hr. This is not quite sufficient to resolve the discrete frequencies unambiguously, though with hindsight one can discern blended peaks in the power spectrum separated by about 68 /¿Hz.
Dittmer's observations
The principal difference between the Birmingham and Stanford measurements of obvious importance to this discussion is that in the former light is integrated directly over the entire image of the Sun whereas the latter is a difference measurement between light from the central portion of the disc and that from an annulus. The central portion is that contained within the circle of radius 0.5 AE, where R is the radius of the solar disc, and the annulus is contained between the circles of radii 0.55R and 0.8AE. As can be seen from Table 1 , the filter functions for the Stanford measurements decrease with / considerably more slowly than those for the Birmingham measurements, and consequently admit a much greater proportion of signal from the high degree modes. Therefore if the oscillation amplitudes do not decrease significantly with /, the Stanford power spectra should contain contributions from many more modes, and to resolve them would require much longer intervals of continuous observation.
A sample mean power spectrum of our artificial signal (6.3) is depicted in Fig. 5 . It was computed with the Stanford filters assuming a coherence time T of 4 day, and is an average of 92 consecutive spectra each evaluated over a time interval T of 4.57 hr. This represents a total observing time of 420 hr, in accord with Dittmer's (1978 Five-minute oscillations in the solar spectrum 157 Figure 5 . Thick line is an average of 92 power spectra of the signal (6.3) taken over intervals 7= 4 hr 34 min on consecutive days, with T = 4 day and the Stanford filters listed in Table 1 . The thin line is a similar average of spectra of the same data with T = 10 hr. The left ordinate scale refers to the 4 hr 34 min spectra, and the right scale to the 10 hr spectra. An upper bound to the background that would be provided by the neglected modes with 7 >10, estimated as for Fig. 4 , is about 10 per cent of the mean power present in this figure. the number of peaks in the spectrum is roughly the same as the number in Fig. 4 , they are not uniformly spaced. Interference is so strong that the peak positions are scattered and do not represent any average (computed with weights that depend on the spatial filters alone) of the oscillation eigenfrequencies. None of the peaks is high enough to be regarded as significant, and the undulations are simply a product of noise in the phases and amplitudes of the modes contributing to the signal. Even though Dittmer's mean observing intervalT = 4.57 hr is shorter than that of Claverie et aL, it is greater than 4 hr and should have been just sufficient to have detected the individual modes, had only modes with / = 0 and / = 1 been present, even though their frequencies would not have been determined accurately. A mean power spectrum analogous to Fig. 5 computed from such a truncated signal looks superficially similar to Fig. 4 . The main differences are that the peaks are broader, because the individual observing intervals are shorter, and that the peak heights are less scattered, because the spectrum is averaged over many more observations. There is also a systematic alternation in peak height, which is produced by the disparity in the 7=0 and / = 1 filters.
If one isolates the most important modes responsible for the simulated Dittmer power spectrum in Fig. 5 , weighting them by the square of the spatial filters given in Table 1 (there are no vertical filters for /> 10 whose magnitude exceeds unity), one can see with the help of Fig. 1 that the eigenfrequencies fall loosely into three groups per 136juHz frequency interval, rather than two. The spectrum is dominated by the contributions from modes with / = 3, 4 and 5. Thus with a somewhat longer observing interval T one would expect to resolve peaks. Averages of artificial spectra with T = 8 hr and r = 10hr have been constructed, one of which is illustrated in Fig. 5 , and in all cases most of the peaks were resolved. Thus we predict that with longer observing intervals Stanford spectra should look superficially like the whole-disc spectra, but with a stronger background produced by the unresolved modes, and with a mean peak separation of about 46juHz. This value is slightly greater than one-third of 136juHz because l is greater than the dominant modes contributing to the whole-disc data, and, as can be seen from the relation (2.1), frequency separation increases with /. J. Christensen-Dalsgaard andD. O. Gough Figure 6 . Average power spectrum of the signal (6.3) taken over 38 consecutive days with T = 5 day and Crimea filters. The observing interval T was taken to be 6 hr 28 min, yielding a total of 246 hr data to correspond with that reported by Scherrer et al (1980) . The power from neglected modes that should also be present, estimated as for Fig. 4 , is less than 14 per cent.
The Crimean observations
In the recent measurements of Kotov et al (1978) , the signal from the annulus exterior to 0.66R was subtracted from the whole-disc signal. As can be seen in Table 1 , the decline with / of the spatial filter is between that of the whole-disc and the Stanford filters. About 75 per cent of the contribution to Hiß]) 2 comes from filters with /<4, and consequently the power spectrum of the Crimea data resembles the corresponding whole-disc spectrum the more closely. Indeed, Severny, Kotov & Tsap (1981) have recently resolved individual peaks with a mean separation of about 69juHz. An average of 38 spectra, each of 6.47 hr of synthetic data, is illustrated in Fig. 6 . The peaks are wider than those in Figs 3 and 4 because a shorter observing interval was chosen, and there is a background produced by blended lines from high-degree modes. It is interesting to notice that because the even degree peaks are dominated by modes with / = 2 and / = 4, rather than / = 0 and 1-2 (see Table 1 ), an alternation in the frequency separation between adjacent peaks is just discernible.
Antarctic observations
Recently E. Fossat (private communication) and his collaborators have made further wholedisc measurements of the Na 5896 line. The observations were made in Antarctica, where in summer the Sun can be seen continuously for long periods of time. The longest single observing run was of 5 days' duration. The data has not yet been fully analysed, but Fossat does report having detected a sharp line spectrum of oscillations in the 3-6 mHz range with no background. The mean frequency separation between the lines is 68.0/¿Hz. To mimic these observations, we have constructed a power spectrum of the artificial signal (6.1) over an interval T of 120 hr, during which all the amplitudes and phases were held constant. A portion of this spectrum is illustrated in Fig. 7 . Note that because 1.5 T~l is less than the separations Ay between the frequencies of the dominant modes contributing to the peaks in Figs 3 and 4 , the individual modes are now resolved. hypothesis that all the modes of the Sun in that frequency range are excited with surface amphtudes that depend on frequency alone. The only serious difficulty our analysis has encountered is in explaining the claim by Claverie et al (1979) that there is an alternation in the separation between the discrete frequencies they have observed. This would occur if, say, all the modes with / = 2 or / = 0 were absent, but it seems unlikely that that should be the case. as can easily be derived by substituting in the formula obtained by Gough (1981) the asymptotic forms of the eigenfunctions for n large and / of order unity (e.g. Vandakurov 1967) . Thus the average is weighted preferentially in the outer parts of the Sun: approximately half the weight is in the convection zone and the other half in the radiative interior. It is unlikely, therefore, that ft exceeds twice the surface angular velocity ft s at the equator. Hence the maximum frequency difference between two adjacent rotationally split components that is likely to be encountered is about tt" 1 ft s -IjuHz. The beat period is of the same order as the estimates of the lifetimes of the modes we have adopted*, so it may never be possible to resolve the individual components of the 5-min modes. However, since the beat frequency is likely to be substantially less than a typical value of the frequency difference frVî,/ -^w-i,/+2> longer observations it may be possible to disentangle rotational splitting by studying the interference amongst modes in a single peak in the power spectrum. Moreover, p modes with frequencies well below 2 mHz should decay slowly enough (Goldreich & Keeley 1977a; Gough 1980) for the resolution of rotationally split components to be possible.
Finally we remark that the mean frequency separation reported by Claverie et al (1979 Claverie et al ( , 1980 is in tolerable agreement with the results from our standard solar model. We have made no attempt here to adjust that model to improve the agreement. Our earlier suspicion that there may be some discrepancy (Christensen-Dalsgaard & Gough 1980a ) was based on an immediate response from comparing the observation with some calculations that ignored the solar atmosphere. A quantitative discussion of the effect on the eigenfrequencies of neglecting the atmosphere is presented elsewhere (Christensen-Dalsgaard & Gough 1980b ).
Postscript
After this paper was submitted, Grec et al (1980) announced the initial results of their whole-disc observations from the South Pole. Many of the lines in the power spectrum of 120 hr of continuous data are multiple, and there is very little power between them. Their mean structure is exhibited in Fig. 2 of Grec et al which is the result of a superposed frequency analysis with frequency interval 136.0juHz. On average each peak is double, the two components being separated alternately by about 10 and 16/xHz. This suggests that they are produced by couplets of modes with / = 0, 2 and / = 1, 3 respectively. Moreover, having made this identification, one finds that the power in each component is roughly proportional to (S]) 2 , whose values can be obtained from the second column of Table 1 .
This appears to confirm our hypothesis that on average low-degree modes are excited to an amplitude that is independent of /. Moreover, there is in addition in Fig. 2 of Grec et al the hint of / = 4 modes, though with power rather greater than one would expect from the value of (SJ) 2 .
From the widths of the lines in the power spectrum, and from analysing contiguous 12 hr subsets of data, Grec et al conclude that the decay time of the modes is about 2 day. Thus the lines in their power spectra are about IVi times broader than those in Fig 
where a prime denotes differentiation with respect to the argument, ß = cos 6 and ß 2 appropriate limits of integration. Thus, for the measurements by Fossat & Ricort (1975a) who integrated light through a circular aperture of diameter Z) concentric with the solar disc, yii = cos(sin _1 i/) = (1 -<i 2 ) 1/2 and ß 2 = 1, where <7 = Z>/D s andZ) s is the diameter of the solar disc. For the whole-disc measurements, Mi = 0 an d ß 2 -l.\n these cases
and
For the Stanford and all the recent Crimea observations, the filters are differences between quantities of the type (A4) and (A5). If 1(6) is expanded in powers of ß, the filters can be expressed in terms of integrals of the type 
and use of a standard recursion relation for P\ (e.g. Whittaker & Watson 1927) 
By combining equations (A8) and (A9) one obtains
which permits recursive determination of , and Five-minute oscillations in the solar spectrum 163
Explicit expressions for -2f(0), relevant to the whole-disc measurements, are given by Erdélyi et al (1953) . In the computations reported here the three-term expansion of 1(6) given by Allen (1973) was used
assuming 1(6) to be normalized to unity at 0 = 0. Then = %(1-»2 -1> 2 )0U2 -Ml)
and the integrals (Al), (A2) are
It is sometimes convenient to use the solar rotation axis as the axis of spherical polar coordinates (r, 6', 0') with respect to which the velocity eigenfunctions are expressed. In that case the velocity may be written
is the Kronecker delta, P™ is the associated Legendre function, and for convenience m>0 implies the cos mV dependence and m <0 implies sinlm '^'. Following Dziembowski (1977) one can obtain the individual filters Shi m ' with respect to this coordinate system by transforming (A16) and (A17) to the unprimed system whose axis lies along the line-of-sight: (6 \ 0') = (tt/2, 0). After transformation only the axisymmetrical component of the eigenfunction contributes, and the filter for the total velocity (vertical and horizontal components included) can be expressed in terms of defined by equation (4.8). Irrespective of 1(6), the result for all the filters is where F is the gamma function. Simple approximations to the filters for the circular apertures of diameter D used by Fossat & Ricort (1975a) can be obtained when d< \ (cf. Fossat & Martin 1973) . In this case the curvature of the Sun may be neglected, and the disturbance (A16) can be approximated in the aperture by a plane wave with vertical velocity 2 1/2 F n ; sin(/<£ + 0), where £ is a horizontal coordinate measured in units of the solar radius and 0 is a constant phase which depends on m . The direction of £ is perpendicular to the wave crests, and so it too depends on m . With respect to polar coordinates (p, 0) about the centre of the aperture, the filter 1982MNRAS.198..141C
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where u 7 -= K/ty and each summation is over both values of / and k, as in equation (Bl 
Note that as iq ^ v 2 the expression for Op diverges. This does not imply that Op is actually infinite. Equation (B6) was derived from (B4), which is an approxmation valid only close to the maxima of sine [7r(^-^)r], and breaks down otherwise. However, the result does indicate that the peak is likely to be found outside (v u v 2 ). Therefore, as pointed out by Loumos & Deeming (1978) , the position of the peak can give a misleading estimate of the frequencies of the contributing modes.
Consider now an average of JV spectra of the type (Bl). If it is assumed that all the observing periods are of about the same duration T and each start at about the same time of day, and that they are taken on a sequence of consecutive days throughout which the phases and amphtudes of the modes are maintained, the frequency of maximum mean power is given approximately by 
and t = 24 hr. Once again this has been computed under the assumption that v m is close to Vi and V2 • if jV> 1 and E is not close to an integral multiple of tt, ß N is small and the assumption is correct. The effects of interference then cancel, and Vlslvx + Vls\v2
V\s\ + Vis 2 (BIO)
We now compute the mean < v m ) and variance of this approximation to v m as the mode amplitudes vary according to the probability distribution (6.2). These are /»OO /»oo For whole-disc observations of pairs of 5-min modes of even degree, s 2 Ai -SyS w 2 =1.02 and v 2 --10 mHz, and for pairs of odd degree, s 2 /si ^ S\/Sl = 3.10 and v 2 -v 1^ 16 mHz. In both cases a m~ 3 mHz. This result is not sensitive to the precise form of the distribution function (6.2).
Suppose finally one performs a linear regression of peak frequency against order, to determine the mean frequency separation. The contribution of the variance in the result from o m would be o} = /(/ 2 -l)'
if I consecutive peaks were used in the analysis. With /= 29, the value used in the analysis of the synthetic power spectra in this paper, Oi ^ 0.07 mHz; with /= 21, a value typical of that available to Claverie et al, Uj 0.11 mHz.
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where « max = [vT-x] , the integer part [z] of z being defined as the greatest integer less than or equal to z. Using equation (Cl) this gives A{v,x)=Y 4 V) sin {n(n max + 2x)v¡¡v + e ; } A" max^ ,
where A w (a) = (« +1) _1 sin {{n + l)¿z/2}/sin (a/2);
correspondingly the superposed signal has large amplitude at frequencies v = Vj/k, k = \, 2, To exclude the presence of the subharmonics, for which k>\, we assume for the moment that the modes considered have frequencies in a limited range (this is clearly the case for the modes observed by Claverie et al.) and restrict v to be in the neighbourhood of this range.
As a measure of the squared amplitude of the superposed signal we use 
(Notice that equation (Bl) is correct to 0(N~1).) In particular, the analysis in Appendix B, of data with closely spaced frequencies also applies to s/ 2 (v).
We now consider the combination of two observing periods of length T, starting at t = 0 and t = t respectively. It is not difficult to show that in this case the power spectrum of the entire signal, for which we take i; = 0 when T < t < r, is P(v) = 2r X VjVk sine {n(p-Vj)T} sine {^(p-v^T) cos {tt(¿y-p k ) (r + r) + ey -e k } X COS {tt{p -P¡)t} COS {Tl(P -Pk)T} + 0(N~X).
(CIO)
Here the normalization, as in equation (Bl), has been chosen such that for a signal v(t) = 0 O sin (p Q t + e 0 ) containing just a single mode, í P(p)dp= 1 al.
(Cll) Jo
The main difference between equations (Bl) and (Cl 1) is the presence in the latter of the factor cos {n(p -Pj)T} cos {tt(p -P k )r}, which causes a rapid modulation of the power. This 1982MNRAS.198..141C
Five-minute oscillations in the solar spectrum 169 Figure 9 . Superposed epoch analysis on the same two days of data that were subjected to power spectrum analysis in Fig. 8 . Eigenfrequencies of the modes with / < 3 are indicated as in Fig. 8 .
For AT = 4, for instance, at ¿y, ViVj and l /$Vj is 0.8, 0.4 and 0.1 of ¿¿ 2 (Vj) respectively.
Moreover, the sensitivity to even lower subharmonics is less than 5 per cent of that to the true frequency.
We have carried out superposed epoch analysis on the signal that was subjected to power spectrum analysis for Fig. 8 . To mimic the observations of Claverie et al, jiata points with a spacing of 42 s were used; the analysis used 10 phase bins. The resulting is shown in Fig. 9 ; the close resemblance to the power spectrum in Fig. 8 is evident.
